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We investigate the quantum thermal transistor effect in nonequilibrium three-level systems by applying the
polaron transformed Redfield equation combined with full counting statistics. The steady state heat currents are
obtained via this unified approach over a wide region of system-bath coupling, and can be analytically reduced
to the Redfield and nonequilibrium noninteracting blip approximation results in the weak and strong coupling
limits, respectively. A giant heat amplification phenomenon emerges in the strong system-bath coupling limit,
where transitions mediated by the middle thermal bath is found to be crucial to unravel the underlying mecha-
nism. Moreover, the heat amplification is also exhibited with moderate coupling strength, which can be properly
explained within the polaron framework.
PACS numbers:
I. INTRODUCTION
According to the Clausius statement [1], the heat flow from the hot source to the cold drain naturally occurs driven by the
thermodynamic bias. Without violating this fundamental law of thermodynamics, great efforts have been paid to find other
ways of conducting the heat flow [2–7]. Accompanying with the rapid progress in quantum technology, the control of heat flow
becomes an increasingly important issue in quantum computation [8] and quantum measurement [9, 10].
The thermal transistor, one of the novel phenomena in quantum thermal transport, which was initially proposed by B. Li and
coworkers [11, 12]. In particular, heat amplification and negative differential thermal conductance (NDTC) are considered as
two main components of the thermal transistor. Heat amplification describes an effect within the three-terminal setup, that the
tiny modification of the base current will dramatically change the current at the collector and emitter, which enables the efficient
energy transport [11]. While the NDTC effect is characterized by the suppression of the heat flow with increase of temperature
bias within the two-terminal setup [13–15].
Later, the spin-based fully quantum thermal transistor was proposed by K. Joulain et al. [16], which is composed by three
coupled-qubits, each interacting with one individual thermal bath. The qubit-qubit interaction within the system is found to be
crucial to exhibit the heat amplification. Consequently, The importance of the system nonlinearity and long-ranging interaction
on the transistor effect has also been unraveled in various coupled-qubits systems [17–19]. Simultaneously, the strong qubit-bath
interaction is revealed to be another key factor to cause giant heat amplification in the two and three qubits systems [20, 21],
which also stems from the NDTC effect. Hence, the NDTC is widely accepted as the crucial intergradient to realize the giant
heat amplification. However, J. H. Jiang et al. pointed out that heat amplification can be realized via the inelastic transfer process
independent of NDTC [22]. Hence, questions are raised that can these two types of heat amplification coexist in one quantum
system? Moreover, what is the minimal quantum system to show such heat amplification and NDTC?
Very recently, a three-level quantum heat transistor was preliminarily investigated by S. H. Su et al., which stressed the signifi-
cant influence of quantum coherence in the heat amplification [23]. However, the calculations are based on the phenomenological
Lindblad equation, which cannot be generalized to describe the heat transport beyond the weak system-bath coupling. Consider-
ing the scientific importance and extensive application of the nonequilibrium three-level systems [24–28], it is intriguing to give
a comprehensive picture of the heat transistor behavior. In particular, it is worthwhile to give a unified analysis on effect of the
system-bath interaction from the weak to strong coupling regime on the heat amplification and NDTC.
In this paper, we devote to investigating quantum thermal transport in a quantum thermal transistor, which is composed by a
three-level quantum system within the three-terminal setup in Fig. 1(a) by applying the polaron-transformed Redfield equation
(PTRE), detailed in Sec. II. In Sec. III, the heat currents are obtained from PTRE combined with full counting statistics
(FCS) [29–31], and are reduced to the Redfield and nonequilibrium noninteracting blip approximation (NIBA) schemes. In
Sec IV. A, the giant heat amplification is explored at strong system-middle bath interaction, and the underlying mechanism is
proposedwithin the nonequilibriumNIBA.While in Sec. IV B, another giant heat amplification and NDTC are found at moderate
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2FIG. 1: (Color online) Schematics of the nonequilbrium V-type three-level system in (a)the original framework described at Eq. (1) and (b)the
polaron framework described at Eq. (7). The three vertical solid black lines represent the central three-level model[|u〉 (u = l, r, 0)], and
the double-arrowed solid brown line shows the coherent tunneling between two excited states |l〉 and |r〉; the rectangular left red, top-middle
purple and right blue boxes describe three thermal baths, which are characterized by temperatures Tl, Tm and Tr , respectively; the double-
arrowed solid red, purple and blue curves describe interactions between the system and thermal baths, and the double-arrowed dashed black
lines describe transitions between different states assisted by phonons in the corresponding thermal bath.
system-middle bath coupling, which can not be explained by the Redfield equation. Finally, we give a concise summary in Sec.
V.
II. MODEL ANDMETHOD
We first introduce the nonequilibrium three-level system and the framework of polaron transformation. Then, the polaron-
transformed Redfield equation (PTRE) is applied to obtain the reduced system density matrix.
A. Nonequilibrium three-level system
The total Hamiltonian of the nonequilibrium three-level system interacting with three thermal baths, as shown in Fig. 1(a), is
described as
Hˆ = Hˆs +
∑
u=l,r,m
(Hˆub + Vˆu). (1)
The quantum three-level system is expressed as
Hˆs =
∑
u=l,r,0
εu|u〉〈u|+∆(|l〉〈r| + |r〉〈l|), (2)
where |l(r)〉 is the left (right) excited state with the occupation energy εl(r), and |0〉 is the ground state with ε0 = 0 for
simplicity. Specifically, for εl(r) > 0, the three-level system corresponds to a V-type configuration. Whereas for εl(r) < 0, it
corresponds to a Λ-type configuration with excited state |0〉 and ground states |l〉 and |r〉. In the following, our work is based
on the V-type system, without losing any generality. The Hamiltonian of the uth (u = l, r,m) thermal bath is described as
Hˆub =
∑
k ωk bˆ
†
k,ubˆk,u, where bˆ
†
k,u (bˆk,u) creates (annihilates) one phonon in the uth bath with the frequency ωk. The interaction
between the left (right) excited state and the corresponding bath is given by
Vˆu = (Sˆ
†
u + Sˆu)
∑
k
(gk,ubˆ
†
k,u + g
∗
k,ubˆk,u), u = l, r, (3)
where Sˆu = |0〉〈u|, Sˆ†u = |u〉〈0|. The quantum dissipation of the two excited states induced by the middle bath is modeled by a
diagonal interaction [23, 27], which reads
Vˆm = (|l〉〈l| − |r〉〈r|)
∑
k
(gk,mbˆ
†
k,m + g
∗
k,mbˆk,m). (4)
3The uth thermal bath here is characterized by the spectral function Λu(x) = 4pi
∑
k |gk,u|2δ(x−ωk), where gk,u is the system-
bath coupling strength. The spectral functions are assumed to be the super-Ohmic form
Λl(r)(x) =piγl(r)
x3
ω2c
e−|x|/ωc , (5a)
Λm(x) =piαm
x3
ω2c
e−|x|/ωc, (5b)
where γl(r) and αm are the system-bath coupling strengths corresponding to the l(r)th bath and themth bath, respectively. The
cut-off frequency is ωc. The super-Ohmic bath has been extensively included to investigate quantum dissipation [32, 33] and
quantum energy transport [34–36].
In order to consider the interaction between the excited states and the middle bath beyond the weak coupling limit, we apply
a canonical transformation [see Fig. 1(b)] [33, 37]
Hˆ ′ = Uˆ †HˆUˆ , (6)
with Uˆ = exp[iBˆ(|l〉〈l| − |r〉〈r|)] and the collective phonon momentum operator Bˆ = i∑k( gk,mωk bˆ†k,m − H.c.). The resultant
Hamiltonian is given by
Hˆ ′ = Hˆ ′s +
∑
u=l,m,r
(Hˆub + Vˆ
′
u). (7)
The modified system Hamiltonian is given by
Hˆ ′s = εNˆ + δεσˆz + η∆σˆx, (8)
with the average occupation energy ε = (εl + εr)/2−
∑
k |gk,m|2/ωk, the energy bias δε = (εl − εr)/2, the excitation number
operator Nˆ = |l〉〈l| + |r〉〈r|, the bias operator σˆz = |l〉〈l| − |r〉〈r|, and the tunneling operator σˆx = |l〉〈r| + |r〉〈l|. The
renormalization factor η = 〈e±2iBˆ〉 is the expectation value of the bath displacement operator e±2iBˆ with respect to the middle
bath equilibrium state. It should be noted that Nˆ = Iˆ − |0〉〈0| with Iˆ the unit operator. The transformed system Hamiltonian Hˆ ′s
can be exactly solved as Hˆ ′s| ± 〉η = E±| ± 〉η , where the eigenstates are
|+ 〉η =cos
θ
2
|l〉+ sin θ
2
|r〉, (9a)
| − 〉η =− sin
θ
2
|l〉+ cos θ
2
|r〉, (9b)
with tan θ = η∆/δε and the eigenvalues E± = ε±
√
(δε)2 + (η∆)2.
Moreover, the modified system-bath interaction is given by
Vˆ ′m =∆[cos(2Bˆ)− η]σˆx +∆sin(2Bˆ)σˆy, (10a)
Vˆ ′u =(e
−iBˆu Sˆ†u + e
iBˆu Sˆu)
∑
k
(gk,ubˆ
†
k,u + g
∗
k,ubˆk,u) , u = l, r, (10b)
with σˆy = −i(|l〉〈r|−|r〉〈l|), Bˆl = Bˆ and Bˆr = −Bˆ. All the interaction terms Vˆ ′u (u = l,m, r) of Eq. (10a) and Eq. (10b) imply
multi-phonon transferring processes. Specifically, Vˆ ′m involves multiple phonons absorption or emission accompanying the
transition between the two excited states, which can be understood by the expansion cos(2Bˆ) =
∑
n=0
(2Bˆ)2n
(2n)! and sin(2Bˆ) =∑
n=0
(2Bˆ)2n+1
(2n+1)! . While the interaction between the left (right) bath phonon and the three-level system Vˆ
′
u now involves the
polaron effect embodied in the displacement operator exp(±iBˆu) of the middle bath phonon modes.
B. Polaron transformed master equation
It can be easily verified that the thermal average of the modified interaction 〈Vˆ ′m〉 is zero, which makes 〈Vˆ ′m〉 a properly
perturbative term [37]. Therefore, we can apply the quantum master equation in the polaron frame to study the dynamics of the
three-level system. Moreover, we assume the interaction between the system and the left (right) bath Vˆ ′l(r) is weak. Thus we can
4separately apply the perturbation theory with respect to two terms in Eq. (10a) and Eq. (10b). Accordingly, the PTRE based on
the Born-Markov approximation can be written as
d
dt
ρˆs = −i[Hˆ ′s, ρˆs] +
∑
u=l,m,r
Lu[ρˆs], (11)
where ρˆs is the density operator of the three-level system. Themth dissipator is specified as
Lm[ρˆs] =
∑
α=x,y;ω,ω′
γα(ω
′)[Pˆα(ω
′)ρˆsPˆα(ω)− Pˆα(ω)Pˆα(ω′)ρˆs] + H.c., (12)
where the dissipation rates between two excited eigenstates are
γx(ω) =η
2∆2
∫ ∞
0
dτeiωτ [coshφm(τ) − 1], (13a)
γy(ω) =η
2∆2
∫ ∞
0
dτeiωτ sinhφm(τ), (13b)
with the correlation phase
φm(τ) = 4
∑
k
∣∣gk,m
ωk
∣∣2{cos(ωkτ)[2nm(ωk) + 1]− i sin(ωkτ)}. (14)
The operators Pˆα(ω) (α = x, y) are the projective operators of the system eigenbasis, which are defined by σˆα(−τ) =∑
ω Pˆα(ω)e
iωτ with Pˆα(−ω) = Pˆ †α(ω). The rate γy(ω) describes the transition between the two excited eigenstates |±〉η involv-
ing odd number of phonons from the middle thermal bath. The bath average phonon number is nu(ω) = 1/[exp(ω/Tu)−1], u =
r, l,m, with Tu the temperature of the uth bath. The approximated expression of the real part of γy(ω) to the first-order of φm
reads Re[γy(ω)] ≈ 4piη2∆2
∑
k | gk,mωk |2[nm(ωk) + 1]δ(ω − ωk), which contains the sequential process of creating one phonon
with frequency ω = ωk in the mth bath. A direct consequence of the polaron transformation is that the dissipative rates γx(ω)
and γy(ω) contain all the high-order terms of φm, which can be understood as the contribution of the multiple-phonon corre-
lation. In the strong system-bath coupling strength regime, such high-order correlations should be properly incorporated in the
evolution of the open quantum system.
The dissipators associated with the left and right bath are given by
Lu[ρˆs] =
∑
ω,ω′
[κu,−(ω
′)Qˆu(ω
′)ρˆsQˆ
†
u(ω) + κu,+(ω
′)Qˆ†u(ω
′)ρˆsQˆu(ω)
−κu,+(ω′)Qˆu(ω)Qˆ†u(ω′)ρˆs − κu,−(ω′)Qˆ†u(ω)Qˆu(ω′)ρˆs] + H.c., (15)
where the system part operators are defined by Sˆu(−τ) =
∑
ω Qˆu(ω)e
iωτ , and the dissipation rates are
κu,+(ω) =
∫ ∞
−∞
dω1
4pi
Λu(ω1)nu(ω1)Cu(ω1 − ω), (16a)
κu,−(ω) =
∫ ∞
−∞
dω1
4pi
Λu(ω1)[1 + nu(ω1)]Cu(−ω1 + ω). (16b)
The phonon correlation function above is defined by
Cu(ω) = η
2
u
∫ ∞
0
dτeiωτeφm(τ)/4, (17)
with ηl = 〈eiBˆ〉 and ηr = 〈e−iBˆ〉. The transition rates in Eq. (16a) and Eq. (16b) demonstrate the joint contribution of the left
(right) and the middle thermal baths on the nonequilibrium energy exchange. Specifically, κl(r),+(ω) describes the process that
one phonon with the frequency ω1 is emitted from the l(r)th thermal bath to assist the excitation from |0〉 to the eigenstate with
energy gap ω, and the resultant energy ω1− ω > 0 (ω1−ω < 0) is released (absorbed) into (from) themth bath. While the rate
κl(r),−(ω) shows the transition that one phonon with frequency ω1 is absorbed by the l(r)th thermal bath, and the three-level
system is relaxed from the excited state with energy ω into |0〉.
5III. STEADY STATE HEAT CURRENTS
In this section, we first briefly introduce the concept of full counting statistics (FCS). Then we generalize the PTRE to
incorporate the counting parameters, by means of which we derive the steady state heat currents. Finally, we obtain the analytical
expression of heat currents in both the strong and weak coupling limits via the nonequilibrium NIBA approach and the Redfield
equation, respectively.
A. Brief introduction of the FCS
Full counting statistics [31], also termed as the large deviation theory [38], is considered as a typical approach to study the
energy or particle flow and its fluctuations [6, 39–41], which is based on the two-time measurement protocol. Generally, within
the time interval [0, τ ] the characteristic function to demonstrate the thermal transport into the uth thermal bath is expressed as
Z(χu, τ) = Tr[eiχuHˆ
u
b (0)e−iχuHˆ
u
b (τ)ρˆtot(0)], (18)
where χu is the parameter counting the heat flow from the uth bath, Hˆ
u
b (τ) = e
iHˆτ Hˆub e
−iHˆτ is the bath Hamiltonian in the
Heisenberg picture, Hˆ is the total Hamiltonian including system and baths, and ρˆtot(0) is the initial state density operator of the
total system. Moreover, by assuming the commutating condition [ρˆtot(0), Hˆ
u
b ] = 0, the characteristic function of Eq. (18) can be
re-expressed as [41]
Z(χu, τ) = Tr[Mˆ−χu(τ)ρˆtot(0)Mˆ †χu(τ)]
≡ Tr[ρˆχu(τ)] , (19)
where the evolution operator is Mˆχu(τ) = e
−iHˆχuτ with the counting parameter dependent Hamiltonian Hˆχu =
eiχuHˆ
u
b /2Hˆe−iχuHˆ
u
b /2. Therefore, via the cumulant-generating function F(χu) = limτ→∞ 1τ lnZ(χu, τ), the steady state
heat flux can be straightforwardly obtained as
Ju =
∂F(χu)
∂(iχu)
∣∣∣∣
χu=0
. (20)
B. Generalized quantummaster equation
It can be seen from the above subsection, the key of accessing Ju via FCS lies in solving the counting parameter dressed den-
sity operator ρˆχu(τ) [31]. The time evolution of ρˆχu(τ) has been explicitly given by Eq. (19), which can be equivalently written
in the differential form of the quantum Liouvillian equation with an effective Hamiltonian including the counting parameters
Hˆ{χ} = Hˆs +
∑
u=l,m,r
Hˆub + Vˆm +
∑
u=l,r
Vˆu(χu), (21)
where {χ} = (χl, χr) is a set of parameters counting both the heat flows from the left and right baths. The modified system-bath
interactions are
Vˆu(χu) = (Sˆ
†
u + Sˆu)
∑
k
(gk,ue
iωkχu/2bˆ†k,u + H.c.), u = l, r. (22)
By the analogous unitary transformation of Eq. (6), Vˆu(χu) is transformed to
Vˆ ′u(χu) = (e
−iBˆu Sˆ†u + e
iBˆu Sˆu)
∑
k
(gk,ue
iωkχu/2bˆ†k,u + H.c.). (23)
With the same approach introduced in the Sec II.B, we obtain the PTRE of system density operator ρˆ{χ}, which has been marked
by the counting parameters as
d
dt
ρˆ{χ} = −i[Hˆ ′s, ρˆ{χ}] + Lm[ρˆ{χ}] +
∑
u=l,r
Luχu [ρˆ{χ}]. (24)
6Here, the generalized dissipator is
Luχu [ρˆ{χ}] =
∑
ω,ω′
{κu,+(ω′, χu)Qˆ†u(ω′)ρˆ{χ}Qˆu(ω) + κu,−(ω′, χu)Qˆu(ω′)ρˆ{χ}Qˆ†u(ω) (25)
+κ∗u,+(ω
′,−χu)Qˆ†u(ω)ρˆ{χ}Qˆu(ω′) + κ∗u,−(ω′,−χu)Qˆu(ω)ρˆ{χ}Qˆ†u(ω′)
−[κu,+(ω′)Qˆu(ω)Qˆ†u(ω′)ρˆs + κu,−(ω′)Qˆ†u(ω)Qˆu(ω′)ρˆs + H.c.]},
with the generalized dissipation rates
κu,+(ω
′, χu) =
∫ ∞
−∞
dω1
4pi
Λ(ω1)nu(ω1)e
−iω1χuCu(ω1 − ω′), (26a)
κu,−(ω
′, χu) =
∫ ∞
−∞
dω1
4pi
Λ(ω1)[1 + nu(ω1)]e
iω1χuCu(−ω1 + ω′) . (26b)
In absence of the counting parameters(χl = 0, χr = 0), the density operator ρˆ{χ}, the dissipator Luχu [ρˆ{χ}] and dissipation rates
κu,±(ω
′, χu) are reduced to the original ρˆs, Lu[ρˆs] and κu,±(ω′) defined in the Sec.IIB, respectively.
Furthermore, we re-express the dynamical equation of Eq. (24) by
d
dt
|P〉〉 = L{χ}|P〉〉, (27)
where |P〉〉 = [ρ++, ρ−−, ρ00, ρ+−, ρ−+]T is the vector form of the reduced density matrix, with ρij = 〈i|ρˆs|j〉 (i, j = 0,±),
and L{χ} is the super-operator defined according to Eq. (24). The off-diagonal terms ρ0± are decoupled from Eq. (27) and is
irrelevant with the following discussion. Therefore, the heat currents flow into the left and right thermal baths can be expressed
as
Ju = 〈〈I|
∂L{χ}
∂(iχu)
∣∣∣∣
χ=0
|P〉〉, (28)
with 〈〈I| = [1, 1, 1, 0, 0] and u = l, r. The steady state current into the middle bath is obtained by the energy conservation
condition as Jm = −Jl − Jr.
These three steady state currents are exhibited in Fig. 2. It is found that the currents are all significantly enhanced in the
moderate coupling regime around αm∈(0.5, 2), but are suppressed in both the strong and weak coupling limits. Moreover, the
current flows into the middle bath is more sensitive in response to the change of αm. It can be seen that Jm begins to increase
significantly when αm is around 0.01, which is one order smaller than those of the other two currents.
The PTRE combined with FCS has been successfully introduced to investigate quantum thermal transport in the nonequilib-
rium spin-boson systems [34, 37, 42], which is able to fully bridge the strong and weak system-bath coupling limits. In the
following, we extend such method to the nonequilibrium three-level system.
C. Currents with limiting couplings
Generally, it is rather difficult to analytically obtain the expression of steady state heat currents with arbitrary coupling strength
αm between two excited states and middle thermal bath. Fortunately, in the strong and weak coupling limits, the NIBA approach
and Redfield equation can adequately describe the steady state of the system, respectively. The validity of these two approaches
can be checked numerically compared with the results of PTRE, meanwhile they are more simple in the form than PTRE and
lead to the analytical expressions of the currents.
1. Nonequilibrium NIBA
In the strong coupling limit, the renormalization factors are dramatically suppressed, i.e. η≪1. The eigenstates are reduced
to the localized ones |+ 〉η≈|l〉, | − 〉η≈|r〉, and the renormalized energies generally become negative
Eu = (εu −
∑
k
|gk,m|2
ωk
) < 0, u = l, r. (29)
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FIG. 2: (Color online) Steady state heat currents (a) Jl/γ, (b) Jm/γ, and (c) Jr/γ as a function of the coupling strength αm, with γ = 0.0002.
The red circles is based on the Redfield scheme, the blue squares is based on the nonequilibrium noninteracting blip approximation (NIBA),
and black solid line is calculated from the nonequilibrium polaron-transformed Redfield approach. The other parameters are given by εl = 1.0,
εr = 0.6, ∆ = 0.6, ωc = 10, Tl = 2, Tm = 1.2, and Tr = 0.4.
FIG. 3: (Color online) (a) The globally cyclic transitions contributed by the G±l G
±
mG
∓
r /A, and the locally conditional transitions contributed
by (b) G−mG
+
l G
−
l /A, (c)G
+
mG
+
r G
−
r /A, (d) G
−
r G
+
l G
−
l /A and (e)G
−
l G
+
r G
−
r /A within the nonequilibrium NIBA scheme, respectively. The
vertical solid black line at top represents |0〉, two vertical solid black lines at bottom describe renormalized energy levels |l(r)〉
η
with the
energies given by Eq. (29), and the other symbols are the same as shown in Fig. 1.
In this case, the configuration of the three-level system becomes the Λ-type as shown in Fig. 3(a). Hence, the nonequilibrium
PTRE can be analytically solved (the details are given in Appendix A) and gives the heat currents explicitly as
Jl,NIBA =
1
A [(G
+
l G
+
mG
−
r 〈ω〉l,+ −G−l G−mG+r 〈ω〉l,−)
+(G−m +G
−
r )G
−
l G
+
l (〈ω〉l,+ − 〈ω〉l,−)], (30)
8Jr,NIBA =
1
A [(G
−
l G
−
mG
+
r 〈ω〉r,+ −G+l G+mG−r 〈ω〉r,−)
+(G+m +G
−
l )G
+
r G
−
r (〈ω〉r,+ − 〈ω〉r,−)], (31)
and Jm = −Jl − Jr, where the coefficient is A = (G+m +G−m)(G+l +G+r ) +G+mG−r +G−mG−l +G−l G+r +G−r (G+l +G−l ),
the transition rates are
G±m =
∫ ∞
−∞
dτe±i(εl−εr)τη2eφm(τ) , (32a)
G+u =
1
4pi
∫ ∞
−∞
dω1Λu(ω1)[1 + nu(ω1)][Cu(−Eu − ω1) +H.c.] , (32b)
G−u =
1
4pi
∫ ∞
−∞
dω1Λu(ω1)nu(ω1)[Cu(ω1 + Eu) +H.c.] , (32c)
and the average energy quanta into the uth thermal bath are
〈ω〉u,+ =
1
4piG+u
∫ ∞
−∞
dω1ω1Λu(ω1)[1 + nu(ω1)][Cu(−Eu − ω1) +H.c.] , (33a)
〈ω〉u,− =
1
4piG−u
∫ ∞
−∞
dω1ω1Λu(ω1)nu(ω1)[Cu(ω1 + Eu) +H.c.] , (33b)
In the following, the subscript u only represents l or r without further declaration. The rates G±u at Eq. (32b) and Eq. (32c)
are contributed by two physical processes. Take G+u for example, (i) resonant energy relaxation from the state |0〉 to |u〉, with
the energy Eu absorbed by the uth thermal bath; (ii) off-resonant transport process, where thermal baths show non-additive
cooperation. As the three-level system release energyEu, part of the heat ω1 is absorbed by the uth bath, whereas the left energy
(−Eu − ω1) is consumed by the middle bath. Similarly, the rate G−u describes the reversed process of G+u .
The currents Jl and Jr in Eq. (30) and Eq. (31) are contributed by three distinct types of thermal transport processes: (i)
globally cyclic transition in Fig. 3(a), which is contributed by the cooperative rate G±l G
±
mG
∓
r /A to carry the average energy
quanta 〈ω〉u,+ (〈ω〉u,−) to (from) the uth bath. (ii) local transition |u〉↔|0〉 mediated by the middle bath dependent rate G±m,
which transfers the energy quanta 〈ω〉u,+ − 〈ω〉u,−. Fig. 3(b) and Fig. 3(c) illustrate these transition processes characterized by
the rates G−mG
+
l G
−
l /A and G+mG+r G−r /A, respectively. (iii) local transition |u〉↔|0〉 mediated by the uth bath dependent rate
G−u , which is characterized by the rates G
−
r G
+
l G
−
l /A and G−l G+r G−r /A as illustrated in Fig. 3(d) and Fig. 3(e), respectively.
We compare the heat currents calculated by the nonequilibrium NIBA with the ones calculated by the PTRE in Fig. 2. It is
found that Ju obtained by these two methods are consistent with each other in a wide regime of the coupling strength αm. While
Jm obtained from the nonequilibriumNIBA shows apparently disparity with the result of the PTRE, unless the coupling strength
increases to the regime αm&2.
2. Redfield scheme
In the weak coupling limit, the renormalization factors become η≈1. The counting parameter dependent transition rates
defined in Eq. (26a) and Eq. (26b) are simplified to
Re[κu,+(ω
′, χu)]≈1
4
Λ(ω′)nu(ω
′)e−iω
′χu , (34a)
Re[κu,−(ω
′, χu)]≈1
4
Λ(ω′)[1 + nu(ω
′)]eiω
′χu . (34b)
And the transition rates in Eq. (13a) and Eq. (13b) are reduced to Re[γx(ω)]≈0, and Re[γy(ω)]≈∆2ω2 Λm(ω)[1 + nm(ω)], where
we only keep the lowest order terms of the correlation phase φm(τ). Then, the NE-PTRE in Eq. (24) is reduced to the seminal
Redfield equation(see Appendix B). Consequently, the steady state currents are obtained as
Jl =
∑
ξ=±
(1 + ξ cos θ)
4B Eξ(Γ
e
+ + Γ
e
−){κal,ξ[ΓeξΓaξ¯ + (Γe+ + Γe−)Γξp]
−κel,ξ(Γa+Γa− + Γa+Γ+p + Γa−Γ−p )}, (35)
Jr =
∑
ξ=±
(1− ξ cos θ)
4B Eξ(Γ
e
+ + Γ
e
−){κar,ξ[ΓeξΓaξ¯ + (Γe+ + Γe−)Γξp]
−κer,ξ(Γa+Γa− + Γa+Γ+p + Γa−Γ−p )}, (36)
9where ξ¯ ≡ −ξ. The current into the middle bath is
Jm = −(E+ − E−)
Γe+ + Γ
e
−
B (Γ
a
+Γ
e
−Γ
+
p − Γa−Γe+Γ−p ), (37)
where the coefficient is B =∑ξ=±(Γaξ + Γe+ + Γe−)[ΓeξΓaξ + (Γe+ + Γe−)Γξp], the combined rates are
Γ
e(a)
+ =
1
2
(κ
e(a)
l,+ cos
2 θ
2
+ κ
e(a)
r,+ sin
2 θ
2
), (38a)
Γ
e(a)
− =
1
2
(κ
e(a)
l,− sin
2 θ
2
+ κ
e(a)
r,− cos
2 θ
2
), (38b)
Γ+(−)p =
sin2 θ
2
κe(a)p , (38c)
and the local rates are κeu,± = Λu(E±)nu(E±), κ
a
u,± = Λu(E±)[1 + nu(E±)], κ
e
p = Λm(E+ − E−)nm(E+ − E−), and
κap = Λm(E+ − E−)[1 + nm(E+ − E−)].
We plot the currents [Eqs. (35-37)] in Fig. 2 to analyze the valid regime of αm by comparing with the counterpart based on
the PTRE. It is found that for Jl and Jr the Redfield scheme is applicable even for the system-middle bath coupling strength
α=0.1. While for Jm, the Redfield scheme becomes invalid as system-middle bath coupling strength surpasses 0.01, where
the approximation of the transition rates in Eq. (34a) and Eq. (34b) break down. This fact indicates that the influence of the
phonons in the middle bath should be necessarily included to describe the transitions between |±〉η and |0〉, which may enhance
the energy flow into the middle bath accordingly.
In the following, based on the consistent analysis of the heat currents (particular for Jm) we approximately classify the strength
of the system-middle bath interaction into three regimes: (i) weak coupling regime αm<0.01; (ii) moderate coupling regime
0.01 ≤ αm ≤ 2; (iii) strong coupling regime αm > 2.
IV. RESULTS AND DISCUSSIONS
Heat amplification and negative differential thermal conductance are considered as two crucial components of the quantum
thermal transistor. Particularly for heat amplification, the transistor of the three terminal setup, the schematics of which are
shown in Fig. 1(a), has the ability to significantly enhance the heat flow the left or right terminal by a tiny modulation of the
middle terminal temperature. Formally, the amplification factor is defined as [11]
βu =
∣∣∂Ju/∂Jm∣∣, u = l, r. (39)
Moreover, owning to the flux conservation of the three-level system Jl + Jm + Jr = 0, the amplification factors βl and βr are
related with βl =
∣∣βr + (−1)θ∣∣, with θ = 0 when ∂Jr/∂Jm > 0, and θ = 1 when ∂Jr/∂Jm < 0. The thermal transistor is
proper functioning under the condition βl(r) > 1. Currently, it is known that the heat amplification can be realized mainly via
two mechanisms: (i) one is driven by the NDTC within the two-terminal setup, where the heat current is suppressed with the
increase of the temperature bias [11, 15]; (ii) the other is driven by the inelastic transfer process without the NDTC, which can
be unraveled even in the linear response regime [22].
A. Transistor effect at strong coupling
1. Heat amplification
We first investigate the influence of the strong system-middle bath interaction on the heat amplification by tuning the tem-
perature Tm of the middle bath. As shown in Fig. 4(a), the amplification factor is monotonically enhanced when the coupling
strength increases from the moderate coupling regime (e.g., αm = 0.5). When the interaction strength enters the strong coupling
regime (αm = 2), the amplification factor becomes large but finite in the low temperature regime of Tm (see Appendix A2 for
brief analysis), whereas it is strongly suppressed as Tm reaches Tm = Tl = 2. Interestingly, as αm is further strengthened (e.g.,
up to 4), a giant heat amplification appears with a divergent point, which results form the turnover behavior of Jm shown in the
inset of Fig. 4(b). Moreover, the heat currents into the left and right thermal baths in Fig. 4(b) corresponding to αm = 4 are
much larger than Jm, which ensures the validity of the heat amplification in the strong coupling regime.
Next, we give a comprehensive picture of the amplification factor by modulating the temperature Tm and coupling strength
αm in Fig. 4(c). It is found that the divergent behavior of the heat amplification is generally robust in the strong coupling regime
(αm&2.8). In summary, we conclude that the giant heat amplification feature favors the strong system-middle bath interaction.
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FIG. 4: (Color online) (a) Heat amplification factor βr as a function of the middle bath temperature Tm with various system-middle bath
coupling strength αm; (b) three steady state heat currents Ju/γ (u = l,m, r) as a function of Tm with the coupling strength αm = 4, and the
inset is the zoom in view of Jm/γ; (c) the 3D view of the heat amplification factor βr by tuning Tm and αm. The other parameters are given
by εl = 1.0, εr = 0.6, ∆ = 0.6, γ = 0.0002, ωc = 10, Tl = 2, and Tr = 0.4.
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Tr
FIG. 5: (Color online) Steady state behaviors as a function the Tm within the nonequilibrium NIBA at strong coupling (αm = 4): (a) transition
rates G±u (u = l, m, r) at Eqs. (32a-32c), and (b) average energy quanta 〈ω〉u,± (u = l, r) at Eqs. (33a-33b); (c) heat current Jm,NIBA and
its main components at Eqs. (41a-41b), and (d) comparison of the approximate amplification factor βr,NIBA with βr; (e) and (f) are schematic
illustrations of flow components J
(a)
m,NIBA and J
(b)
m,NIBA. The other parameters are the same as in Fig. 4.
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2. Mechanism of the giant heat amplification
We devote this subsection to exploring the underlying mechanism of the giant heat amplification βr at strong system-middle
bath coupling regime (e.g., αm = 4) based on the analytical expression of heat currents in Eq. (30) and Eq. (31). The limiting
condition of large energy gap (−Er)≫1 and low temperature of the right bath results in the vanishing of the average phonon
number function nr(ω≈ − Er)≈0. Hence, the factor G−r shows negligible contribution to the transition |r〉 ↔ |0〉, which is
shown in Fig. 5(a). The large energy gap[(−El(r))≫1] also generally leads to G+l(r)≫G−l(r). Hence, the heat current Jr is
simplified as
Jr,NIBA≈ 1AG
−
l G
−
mG
+
r 〈ω〉r,+, (40)
with the coefficient A reduced to A≈(G+m + G−m)(G+l + G+r ). Jr,NIBA is determined by the globally cyclic transition
characterized by the rate 1AG
−
l G
−
mG
+
r . Moreover, it should be noted that though G
+
m is much larger than G
−
m, the ratio
G−m/G
+
m = exp [−(εl − εr)/(kBTm)] shows monotonic increase as a function of Tm [see dashed lines with circles and up-
triangles in Fig. 5(a)]. Then, by tuning up the temperature Tm from Tr = 0.4, the increase ofG
−
m/G
+
m dominates the monotonic
enhancement of Jr,NIBA, as the rates G
±
l , G
+
r and energy quanta 〈ω〉r,+ are nearly constant as shown in Fig. 5(a) and Fig. 5(b).
However, the current Jm,NIBA is no longer a monotonic function of Tm, which owns a maximum around Tm = 1 as illustrated
in Fig. 5(e). The existence of a turnover point of Tm is crucial to the giant heat amplification, so it worths a careful study
on Jm,NIBA. As G
−
r is negligible, Jm,NIBA can be approximated as the sum of two terms Jm,NIBA≈J (a)m,NIBA + J (b)m,NIBA, with
components
J
(a)
m,NIBA=
1
AG
−
mG
−
l G
+
r (〈ω〉l,− − 〈ω〉r,+) , (41a)
J
(b)
m,NIBA=
1
AG
−
mG
−
l G
+
l (〈ω〉l,− − 〈ω〉l,+). (41b)
The approximate factor βr,NIBA =
∣∣∂Jr,NIBA/∂(J (a)m,NIBA + J (b)m,NIBA)
∣∣ is agreeable with the counterpart obtained by the PRTE,
shown in Fig. 5(f). Specifically, J
(a)
m,NIBA describes a globally cyclic current with the loop rate G
−
mG
−
l G
+
r /A to extract energy
quanta 〈ω〉l,− out of the lth bath and input 〈ω〉r,+ into the rth bath, the resultant energy difference (〈ω〉l,−−〈ω〉r,+) is absorbed
by the middle bath. While J
(b)
m,NIBA is only associated with the local transition process between state |l〉 and |0〉, and each
transition pumps energy quanta (〈ω〉l,− − 〈ω〉l,+) out of the left bath into the middle bath. These two currents are illustrated
with Fig. 5(c) and Fig. 5(d), respectively.
For both J
(a)
m,NIBA and J
(b)
m,NIBA, only the factors G
−
m/G
+
m and 〈ω〉l,− are obvious dependent on Tm, whereas all the other
factors can be treated constant. In the low temperature regime of Tm, the increase behavior of Jm,NIBA is due to the increase of
G−m/G
+
m. While as the temperature Tm passing the turnover point, the monotonically decrease of 〈ω〉l,− dominates the behavior
of Jm,NIBA[see Fig. 5(b)].
Moreover, inspired by the giant heat amplification, we can realize the negative differential thermal conductance in a two-
terminal setup, which can be reduced from the current three terminal-model by eliminating the rth bath (see Appendix B for
details). With strong system-middle bath coupling (e.g., αm = 4), the steady state current is approximately expressed as
Jl−m=
1
A′G
−
mG
+
l G
−
l (〈ω〉l,− − 〈ω〉l,+), (42)
with A′ = (G+m + G−m)G+l + G−mG−l . It should be noted that G±l(m) and 〈ω〉l,± in this two-terminal case have the identical
expression as shown at Eqs. (32a-32c) and Eqs. (33a-33b) within the three-terminal setup, respectively. Hence, these quantities
show the same behavior as exhibited in Fig. 5(a) and (b). Then, Jl−m behaves quite similar to J
(b)
m,NIBA at Eq. (41b). To this end,
the NDTC is expected by the turnover behavior of Jl−m.
B. Transistor effect at weak and moderate couplings
1. Heat amplification
We investigate heat amplification at weak system-middle bath coupling in Fig. 6(a). It is found that in the weak coupling
regime (e.g., αm = 0.001 dashed black line with circle) the three-level system shows amplifying ability with finite ampli-
fication factor (βr≈6) in the low temperature regime Tm∈[0.4, 1.1]. This result is consistent with the counterpart from the
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FIG. 6: (Color online) (a) Heat amplification factor βr with various coupling strengthes αm, and (b) steady state heat currents with αm = 0.02
as a function of Tm, and the inset is the zoom-in view of Jm/γ. The other parameters are the same as in Fig. 4.
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(b)
FIG. 7: (Color online) (a)Schematic illustration of quantum thermal transport in the three-level system (i.e. | ± 〉
η
and|0〉) contacting with the
lth andmth thermal baths with temperatures Tl and Tm; (b)steady state heat currents having different order approximations with the coupling
strength αm = 0.02. The other parameters are the same as in Fig. 4.
Redfield equation (dashed-dotted line). The phonon is not involved in the transition process between | ± 〉η and |0〉, resulting
in Re[κu,+(E±)]≈κ(0)u,+(E±) = κeu,±/2 and Re[κu,−(E±)]≈κ(0)u,−(E±) = κau,±/2. The rates κe(a)u,± defined at Eqs. (38a-38b).
Moreover, considering the limiting case E+≫E− and Γa(e)+ ≫Γa(e)− , the amplification factor is simplified as[see Eq. (B20) in
Appendix B]
βr≈sin
2 θ
16
∣∣∣ κ
e
l,+κ
a
r,+ − κal,+κer,+
Γa−(Γ
a
+ + Γ
e
+) + Γ
a
+Γ
e
−
∣∣∣ (43)
which is irrelevant with the Tm and αm.
If we increase the coupling strength αm up to the moderate regime (e.g., αm = 0.02), the giant amplification factor appears
in the comparatively low temperature regime [dashed line with up-triangle in Fig. 6(a)], which is due to the turnover behavior
of Jm in Fig. 6(b). Such feature results from the NDTC, which will be addressed in the following subsection. It should be
emphasized that the heat amplification is purely explored by the PTRE, which however cannot be explained with the Redfield
equation.
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2. Negative differential thermal conductance
To better understand the NDTC, we investigate the steady state heat current within the two-terminal setup (the lth and mth
thermal baths) in Fig. 7(a). Here, we stress that the phonon in the middle bath should be necessarily included to induce the
NDTC. Specifically, we keep one phonon transfer process for the rate γx(y)(ω). While for rates κu,±, we first consider the
zeroth order as κ
(0)
u,+(E±)=η
2
uκ
e
u,±/2 and κ
(0)
u,−(E±)=η
2
uκ
a
u,±/2. Then, the zeroth order heat current J
(0) obtained from the
PTRE shows monotonic enhancement by increasing the temperature bias Tl − Tm in Fig. 7(b), which demonstrates no NDTC
signature. Next, we include first order corrections to the transition rates as
κ
(1)
u,+(E±) =κ
(0)
u,+(E±) +
∫ ∞
−∞
dω1
4pi
Λu(ω1)nu(ω1)Re[C
(1)
u (ω1 − E±)], (44a)
κ
(1)
u,−(E±) =κ
(0)
u,−(E±) +
∫ ∞
−∞
dω1
4pi
Λu(ω1)[1 + nu(ω1)]Re[C
(1)
u (−ω1 + E±)], (44b)
with the single phonon correlation function
C(1)u (±ω1∓E±) =
η2u
4
∫ ∞
0
dτei(±ω1∓E±)τφm(τ). (45)
The heat current J (1) up to the first order correction shows interesting NDTC feature, which is almost identical with the exact
numerical solution from the PTRE J . Therefore, we conclude that the middle bath phonon induced transition between |0〉 and
| ± 〉η is crucial to the NDTC, as shown in Fig. 7(a), which cannot be found from the standard Redfield scheme.
V. CONCLUSION
To summarize, we study the steady state heat currents in the nonequilibrium three-level system interacting with three indi-
vidual thermal baths. We apply the PTRE combined with FCS to investigate the system density matrix and the resultant heat
currents. In the weak and strong system-middle bath coupling limits, we obtain the analytical expression of heat currents with
the Redfield scheme and nonequilibrium NIBA approach, which are consistent with the counterpart of the PTRE. This extends
the application of the PTRE to the nonequilibrium three-level models from the previous nonequilibrium (coupled) spin-boson
models.
We also study the thermal transistor effect by tuning the system-middle bath coupling strength from weak to strong coupling
regimes. We first explore the giant heat amplification factor with strong coupling. It is found that the globally cyclic current
component and middle bath mediated local current component are crucial to exhibit the turnover behavior of the current into
the middle bath. The joint cooperation between the rates ratio G−m/G
+
m assisted by the middle thermal bath and energy quanta
〈ω〉l,− mainly results in such heat amplification feature. Next, we investigate heat amplification at weak and moderate system-
middle bath couplings. In the weak coupling regime, the finite heat amplification is discovered and analytically estimated by the
Redfield scheme. While in the moderate coupling regime, it is interesting to find another giant amplification signature, which is
mainly contributed by the middle bath assisted thermal transport between states | ± 〉η and |0〉. Moreover, we also analyze the
corresponding NDTC effect with the two-terminal setup. It should be noted that such giant amplification and NDTC behaviors
cannot be explained by the Redfield scheme, which clearly demonstrates the wide application of the PTRE.
We hope the analysis of the heat amplification and negative differential thermal conductance may provide some theoretical
insight in the design of the quantum thermal transistor.
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Appendix A: Nonequilibrium NIBA scheme
1. Steady state heat currents
In the strong system-middle bath coupling regime, the modified Hamiltonian in Eq. (8) is reduced to
Hˆ ′s = εNˆ + δεσˆz , (A1)
and the system-middle bath interaction in Eq. (10a) becomes
V ′p = e
iBˆσˆ− + e
−iBˆ σˆ+. (A2)
Combining with full counting statistics, the dynamical equation of populations in Eq. (24) is specified as
dPχl
dt
=−Gm(2δε)Pχl +Gχmm (−2δε)Pχr −Gl,−(El)Pχl +Gχl,χml,+ (El)Pχ0 (A3a)
dPχr
dt
=−Gm(−2δε)Pχr +Gχmm (2δε)Pχl −Gr,−(Er)Pχr +Gχr ,χmr,+ (Er)Pχ0 (A3b)
dPχ0
dt
=−
∑
u=l,r
Gu,+(Eu)P0 +
∑
u=l,r
Gχu,χmu,− (Eu)P
χ
u , (A3c)
where the rates are
Gχmm (ω) = e
iωχm
∫ ∞
−∞
dτeiωτη2eφm(τ), (A4)
and
Gχu,χmu,+ =
1
4pi
∫ ∞
−∞
dω1Λu(ω1)nu(ω1)e
−iω1χuei(ω1−Eu)χm [Cu(ω1 − Eu) +H.c.], (A5a)
Gχu,χmu,− =
1
4pi
∫ ∞
−∞
dω1Λu(ω1)[1 + nu(ω1)]e
iω1χuei(Eu−ω1)χm [Cu(Eu − ω1) +H.c.], (A5b)
In absence of counting parameters, the steady state populations are obtained as
P0 =
1
A (G
+
mG
−
r +G
−
mG
−
l +G
−
l G
−
r ), (A6a)
Pl =
1
A (G
−
mG
+
l +G
−
mG
+
r +G
+
l G
−
r ), (A6b)
Pr =
1
A (G
+
mG
+
l +G
+
mG
+
r +G
−
l G
+
r ), (A6c)
with the coefficient A = (G+m +G−m)(G+l +G+r ) +G+mG−r +G−mG−l +G−l G+r +G−r (G+l +G−l ). And the currents into the
left and right baths are given by
Ju = G
+
u 〈ω〉u,+P0 −G−u 〈ω〉u,−Pu, (u = l, r) (A7)
with the energy quanta
〈ω〉u,+ =
1
4piG+u
∫
dω1ω1Λu(ω1)[1 + nu(ω1)][Cu(−Eu − ω1) +H.c.], (A8a)
〈ω〉u,− =
1
4piG−u
∫
dω1ω1Λu(ω1)nu(ω1)[Cu(ω1 + Eu) +H.c.], (A8b)
and Eu = εu −
∑
k |gk,m|2/ωk. Due to the conservation of heat energy
∑
u=l,m,r Ju = 0, the current into the middle bath is
given by Jm = −Jl − Jr, which is specified as
Jm = − 1A [G
+
mG
+
l G
−
r (〈ω〉l,+ − 〈ω〉r,−) +G−mG−l G+r (〈ω〉r,+ − 〈ω〉l,−)]
− 1A [(G
−
m +G
−
r )G
+
l G
−
l (〈ω〉l,+ − 〈ω〉l,−) + (G+m +G−l )G+r G−r (〈ω〉r,+ − 〈ω〉r,−)]
(A9)
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FIG. 8: (Color online) The transition rate (a)G+l ,(b)G
+
r ,(c)G
−
l and the energy quanta (d)〈ω〉l,+, (e)〈ω〉r,+,(f)〈ω〉l,− within the nonequilibrium
NIBA scheme. The solid black lines represent the full order calculation with expressions shown at Eqs. (32b-32c) and Eqs. (33a-33b); the
dashed red lines with circles represent the zeroth order approximation at Eq. (A13) and Eq. (A15); the dashed blue lines with up-triangles
represent the first order approximation at Eq. (A10) and Eq. (A14). The other parameters are given by εl = 1.0, εr = 0.6, ∆ = 0.6,
γ = 0.0002, ωc = 10, Tl = 2, and Tr = 0.4.
2. Influence of the middle bath in G±u and 〈ω〉u,± at strong qubit-middle bath coupling
We first analyze the influence of the middle thermal bath in the rateG+u (u = l, r) and energy quanta 〈ω〉u,+. It is known from
Figs. 8(a-b) and Figs. 8(d-e) that the middle bath should be included to properly describe G+u . Specifically, the rate at Eq. (32b)
with the first order correction is approximately expressed as
G+u ≈
η2u
2
Λu(−Eu)[1 + nu(−Eu)] (A10)
+
η2u
8pi
∫ ∞
−∞
dω1
Λu(ω1)Λm(−Eu − ω1)
(−Eu − ω1)2 [1 + nu(ω1)][1 + nm(−Eu − ω1)].
In the low temperature regime of Tm, the Bose-Einstein distribution function nm(ω > 0) will be strongly suppressed as ω
deviates from zero, which may simplifyG+u to
G+u ≈
η2u
2
Λu(−Eu)[1 + nu(−Eu)] + η
2
u
8pi
∫ Eu
−∞
dω1
Λu(ω1)Λm(−Eu − ω1)
(−Eu − ω1)2 [1 + nu(ω1)], (A11)
which becomes insensitive to Tm. Accordingly, the energy quanta can be obtained as
〈ω〉u,+ =
1
4piG+u
{2piη2uΛu(−Eu)[1 + nu(−Eu)](−Eu) +
1
2
∫ Eu
−∞
dω1
Λu(ω1)Λm(−Eu − ω1)
(−Eu − ω1)2 [1 + nu(ω1)]}. (A12)
If we naively consider the zeroth order approximation, where the transitions are dominated by the resonant energy processes,
G+u can be described as
G+u≈
η2u
2
Λu(−Eu)[1 + nu(−Eu)], (A13)
and 〈ω〉u,+≈− Eu.
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FIG. 9: (Color online) (a)Average energy quanta 〈ω〉
l,±, 〈ω〉r,+, and the flux rates G
−
l G
−
mG
+
r /A and G
+
l G
−
l G
−
m/A; (b)heat current into
the middle bath Jm,NIBA/γ, the main components J
(1)
m,NIBA/γ and J
(2)
m,NIBA/γ; (c) heat current into the right bath Jr,NIBA/γ and the main
component J
(1)
r,NIBA/γ within the nonequilibrium NIBA scheme at strong coupling αm = 2. The other parameters are given by εl = 1.0,
εr = 0.6, ∆ = 0.6, γ = 0.0002, ωc = 10, Tl = 2, and Tr = 0.4.
Next we study the behavior of G−u by tuning Tm. Approximate to the first order of φm, G
−
l can be expressed as
G−l ≈
η2l
2
Λu(−El)nl(−El) (A14)
+
η2l
8pi
∫ ∞
−∞
dω1
Λl(ω1)Λm(−El − ω1)
(−El − ω1)2 nl(ω1)nm(−El − ω1),
where the effect of one phonon needs to be included in the high temperature regime of Tm, as shown in Fig. 8(c). However, in the
low temperature regime of Tm (e.g.,Tm≈Tr), nm(ω > 0) generally becomes negligible. Moreover, the first order correction of
one phonon from the middle bath contributes in the regime ω1∈(−∞,−Eu). Hence, G−l is dominated by the resonant process
as
G−l ≈
η2l
2
Λl(−El)nl(−El), (A15)
and thus 〈ω〉l,−≈ − El [see Fig. 8(f)]. The leading order term of G−r is η
2
r
2 Λr(−Er)nr(−Er), which is negligible due to
nr(−Er)≈0 in a wide regime of Tm.
3. Finite amplification factor at strong coupling
At strong system-middle bath coupling αm = 2, the current into the middle bath is approximated by Jm,NIBA≈J (a)m,NIBA +
J
(b)
m,NIBA, with componentsJ
(a)
m,NIBA = G
−
l G
−
mG
+
r (〈ω〉l,−−〈ω〉r,+)/A and J (b)m,NIBA = G−G+l G−l (〈ω〉l,−−〈ω〉l,+)/A, as shown
at Eq. (41a) and Eq. (41b). From Fig. 9(a), it is known that for J
(a)
m,NIBA the magnitudes of both the flux rate G
−
l G
−
mG
+
r /A and
the energy difference (〈ω〉l,− − 〈ω〉r,+) show monotonic increase, which results in the enhancement of the J (a)m,NIBA. Moreover,
J
(a)
m,NIBA dominates the behavior of Jm,NIBA, though J
(b)
m,NIBA exhibits the turnover behavior, as shown in Fig. 9(b). While the
heat current into the right bath is reduced to J
(a)
r,NIBA≈
G−
l
G−mG
+
r 〈ω〉,r,+
A , as given at Eq. (40). And the flux rate G
−
l G
−
mG
+
r /A and
the energy quanta 〈ω〉,r,+ are strengthened by increasing temperature Tm. Hence, Jr,NIBA shows the monotonic increase as in
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(a)
Tl
Tm
(b)
(c)
FIG. 10: (Color online) (a)Schematic illustration of quantum thermal transport in the three-level system (i.e. |l(r)〉
η
and|0〉) coupled to the lth
and mth thermal baths with temperatures Tl and Tm; (b)steady state heat currents with different coupling strengthes from the PTRE; (c)Heat
current Jl−m, flux ratesG
+
l G
−
l G
−
m/A and energy difference (〈ω〉l,− − 〈ω〉l,+) at strong coupling αm = 4 within the nonequilibrium NIBA.
The other parameters are the same as in Fig. 9.
Fig. 9(c). considering the large deviation of magnitudes of currents Jr,NIBA and Jm,NIBA, the large and finite heat amplification
βr is expected to observe.
4. Negative differential thermal conductance at strong coupling
We investigate the steady state heat current in the three-level system with a two-terminal setup in Fig. 10(a) by the PTRE. The
nonmonotonic behavior of the current is clearly shown at strong system-middle bath coupling αm = 4 in Fig. 10(b), when the
temperature bias∆T = Tl − Tm increases. With certain approximation, the NDTC can be explained within the nonequilibrium
NIBA, by which the current is simplified to Jl−m = G
−
mG
+
l G
−
l (〈ω〉l,− − 〈ω〉l,+)/A, as given in Eq. (42). Considering the
monotonic suppression of the transition rateG−m by increasing∆T in Fig. 10(c), i.e. by decreasing Tm in Fig. 5(a), the transition
from |r〉 to |l〉 is strongly blocked, which suppresses the flux rate in Jl−m. Therefore, the NDTC is clearly exhibited in Fig. 10(c).
Appendix B: Redfield scheme
The Hamiltonian of three-level system is given by
Hˆs =
∑
u=l,r
εu|u〉〈u|+∆(|l〉〈r| + |r〉〈l|) (B1)
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The two excited eigenstates are given by
|+ 〉 =cos θ
2
|l〉+ sin θ
2
|r〉, (B2a)
| − 〉 =− sin θ
2
|l〉+ cos θ
2
|r〉, (B2b)
with tan θ = ∆/δε, the eigenenergy E± = ε ±
√
δε2 +∆2, ε = (εl + εr)/2 and δε = (εl − εr)/2. The system-phonon
interaction is given by
Vˆm =
∑
k
(gk,mbˆ
†
k,m + g
∗
k,mbˆk,m)Sˆm (B3)
with Sˆm = cos θ(|+ 〉〈+ | − | − 〉〈 − |)− sin θ(|+ 〉〈 − |+ | − 〉〈+ |). Then, the dynamical equation is given by
dρˆχ
dt
= −i[Hˆs, ρˆχ] +
∑
u
Luχu [ρˆχ], (B4)
where the dissipator related with the middle bath is
Lχmm [ρˆχ] =
∑
ω,ω′
{−Jm(ω′)nm(ω′)[ρˆχSˆm(ω′)Sˆm(ω) + H.c.] (B5)
+e−iω
′χmJm(ω
′)nm(ω
′)Sˆm(ω)ρˆχSˆm(ω
′)
+eiω
′χmJm(ω
′)[1 + nm(ω
′)]Sˆm(ω
′)ρˆχSˆm(ω)},
with Sˆm(−τ) =
∑
ω Sˆm(ω)e
iωτ . And the dissipator related with the l(r)th bath is
Luχu [ρˆ{χ}] =
Ju(ω
′)
4
nu(ω
′)e−iω
′χu [Qˆ†u(ω
′)ρˆ{χ}Qˆu(ω) + Qˆ
†
u(ω)ρˆ{χ}Qˆu(ω
′)] (B6)
+
Ju(ω
′)
4
(1 + nu(ω
′))eiω
′χu [Qˆu(ω
′)ρˆ{χ}Qˆ
†
u(ω) + Qˆu(ω)ρˆ{χ}Qˆ
†
u(ω
′)]
−[Ju(ω
′)
4
nu(ω
′)Qˆu(ω)Qˆ
†
u(ω
′)ρˆ{χ} +
Ju(ω
′)
4
(1 + nu(ω
′))Qˆ†u(ω)Qˆu(ω
′)ρˆ{χ} + H.c.]
with Sˆu(−τ) =
∑
ω Qˆu(ω)e
iωτ .
The steady state heat current obtained by FCS is given by
Jl =
cos2 θ2
2
κal,+E+ρ++ +
sin2 θ2
2
κal,−E−ρ−− − (
cos2 θ2
2
κel,+E+ +
sin2 θ2
2
κel,−E−)ρ00, (B7)
Jr =
sin2 θ2
2
κar,+E+ρ++ +
cos2 θ2
2
κar,−E−ρ−− − (
sin2 θ2
2
κer,+E+ +
cos2 θ2
2
κer,−E−)ρ00, (B8)
Jm =
sin2 θ
2
(E+ − E−)(κamρ++ − κemρ−−), (B9)
and Jm = −Jl − Jr. It should be noted that the steady state coherence in the eigenbasis is negligible.
Moreover, the steady state populations are given by
P+ =
1
B (Γ
e
+ + Γ
e
−)[Γ
e
+Γ
a
− + (Γ
e
+ + Γ
e
−)Γ
+
p ], (B10a)
P− =
1
B (Γ
e
+ + Γ
e
−)[Γ
a
+Γ
e
− + (Γ
e
+ + Γ
e
−)Γ
−
p ], (B10b)
P0 =
1
B (Γ
a
+[Γ
e
+Γ
a
− + (Γ
e
+ + Γ
e
−)Γ
+
p ] + Γ
a
−[Γ
a
+Γ
e
− + (Γ
e
+ + Γ
e
−)Γ
−
p ]), (B10c)
B =(Γa+ + Γe+ + Γe−)[Γe+Γa− + (Γe+ + Γe−)Γ+p ] + (Γa− + Γe+ + Γe−)[Γa+Γe− + (Γe+ + Γe−)Γ−p ], (B10d)
with the rates defined as
Γ
e(a)
+ =
1
2
(κ
e(a)
l,+ cos
2 θ
2
+ κ
e(a)
r,+ sin
2 θ
2
), (B11a)
Γ
e(a)
− =
1
2
(κ
e(a)
l,− sin
2 θ
2
+ κ
e(a)
r,− cos
2 θ
2
), (B11b)
Γ+(−)p =
sin2 θ
8
κe(a)p , (B11c)
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and κeu,± = Λu(E±)nu(E±), κ
a
u,± = Λu(E±)[1 + nu(E±)], κ
e
p = Λm(E+ − E−)nm(E+ − E−), and κep = Λm(E+ −
E−)[1 + nm(E+ − E−)]. The currents are specified as
Jl =
∑
ξ=±
(1 + ξ cos θ)
4B Eξ[κ
a
l,ξ(Γ
e
+ + Γ
e
−)Γ
e
ξΓ
a
ξ¯ − κel,ξ(Γa+Γe+Γa− + Γa−Γe−Γa+)]
+
∑
ξ=±
(1 + ξ cos θ)
4B Eξ(Γ
e
+ + Γ
e
−)[κ
a
l,ξ(Γ
e
+ + Γ
e
−)Γ
ξ
p − κel,ξ(Γa+Γ+p + Γa−Γ−p )], (B12)
Jr =
∑
ξ=±
(1 − ξ cos θ)
4B Eξ[κ
a
r,ξ(Γ
e
+ + Γ
e
−)Γ
e
ξΓ
a
ξ¯ − κer,ξ(Γa+Γe+Γa− + Γa−Γe−Γa+)]
+
∑
ξ=±
(1− ξ cos θ)
4B Eξ(Γ
e
+ + Γ
e
−)[κ
a
r,ξ(Γ
e
+ + Γ
e
−)Γ
σ
p − κer,σ(Γa+Γ+p + Γa−Γ−p )]. (B13)
The current into the middle bath is
Jm = − 1B (E+ − E−)(Γ
e
+ + Γ
e
−)(Γ
a
+Γ
e
−Γ
+
p − Γa−Γe+Γ−p ). (B14)
In particular, under the condition E+≫E− and Γ±p≫Γa(e)− , the coefficient B is reduced to B = (Γe+ + Γ−e )[(Γa+ + Γe+ +
Γe−)Γ
+
p + (Γ
a
−Γ
e
+ + Γ
e
−)Γ
−
p ], and currents into the middle and right baths are approximated as
Jm ≈ −
E+(Γ
e
+ + Γ
e
−)
B (Γ
a
+Γ
e
−Γ
+
p − Γa−Γe+Γ−p ), (B15)
Jr ≈
(1− cos θ)E+(Γe+ + Γe−)
4B [κ
a
r,+(Γ
e
+ + Γ
e
−)Γ
+
p − κer,+(Γa+Γ+p + Γa−Γ−p )]. (B16)
If we redefine Jm = J
′
m + J
0
m and Jr = J
′
r + J
0
r , with
J ′m = E+×
Γa−Γ
e
+
(Γa− + Γ
e
+ + Γ
e
−)
× (Γ
a
+Γ
e
−)/(Γ
a
−Γ
e
+) + (Γ
a
+ + Γ
e
+ + Γ
e
−)/(Γ
a
− + Γ
e
+ + Γ
e
−)
Γ−p /Γ
+
p + (Γa+ + Γ
e
+ + Γ
e
−)/(Γ
a
− + Γ
e
+ + Γ
e
−)
, (B17)
J0m = E+Γ
a
−Γ
e
+/(Γ
a
− + Γ
e
+ + Γ
e
−),
J ′r =
(1− cos θ)E+
4
× κ
e
r,+Γ
a
−
(Γa− + Γ
e
+ + Γ
e
−)
(B18)
× (Γ
a
+ + Γ
e
+ + Γ
e
−)/(Γ
a
− + Γ
e
+ + Γ
e
−) + [κ
a
r,+(Γ
e
+ + Γ
e
−)− κer,+Γa+]/(κer,+Γa−)
Γ−p /Γ
+
p + (Γa+ + Γ
e
+ + Γ
e
−)/(Γ
a
− + Γ
e
+ + Γ
e
−)
,
and J0r = − (1−cos θ)E+4 κer,+Γa−/(Γa− + Γe+ + Γe−). It should be noted that J0m and J0r are irrelevant with Tm. Hence, the linear
heat amplification is given by
βr≈(1 − cos θ)
4
∣∣∣κ
e
r,+Γ
a
−(Γ
a
+ + Γ
e
+ + Γ
e
−) + (Γ
a
− + Γ
e
+ + Γ
e
−)[κ
a
r,+(Γ
e
+ + Γ
e
−)− κer,+Γa+]
Γa−Γ
e
+(Γ
a
+ + Γ
e
+ + Γ
e
−) + (Γ
a
− + Γ
e
+ + Γ
e
−)Γ
a
+Γ
e
−
∣∣∣. (B19)
Moreover, considering the condition Γ
a(e)
+ ≫Γa(e)− , Hence, the amplification factor is simplified as
βr≈ sin
2 θ
16
∣∣∣ κ
e
l,+κ
a
r,+ − κal,+κer,+
Γa−(Γ
a
+ + Γ
e
+) + Γ
a
+Γ
e
−
∣∣∣ (B20)
[1] R. Clausius, The Mechanical Theory of Heat (MacMillan, Loondon, 1879).
[2] M. Esposito, M. A. Ochoa and M. Galperin, Phys. Rev. Lett. 114, 080602 (2015).
[3] G. Katz and R. Kosloff, Entropy 18, 186 (2016).
[4] G. Benenti, G. Casati, K. Saito and R. S. Whitney, Phys. Rep. 694, 1 (2017).
[5] D. Segal, Phys. Rev. Lett. 101, 260601 (2008).
20
[6] J. Ren, P. Hanggi, and B. Li, Phys. Rev. Lett. 104, 170601 (2010).
[7] K. Micadei, J. P. S. Peterson, A. M. Souza, R. S. Sarthour, I. S. Oliveira, G. T. Landi, T. B. Batalhao, R. M. Serra, and E. Lutz, Nat.
Comm. 10, 2456 (2019).
[8] L. Wang and B. Li, Phys. Rev. Lett. 99, 177208 (2007).
[9] L. Cui, W. H. Jeong, S. H. Hur, M. Matt, J. C. Klockner, F. Pauly, P. Nielaba, J. C. Cuevas, E. Meyhofer and P. Reddy, Science 355, 1192
(2017).
[10] D. Segal, Science 355, 1125 (2017).
[11] B. Li, Appl. Phys. Lett. 88, 143501 (2006).
[12] N. B. Li, J. Ren, L. Wang, G. Zhang, P. Hanggi and B. Li, Rev. Mod. Phys. 84, 1045 (2012).
[13] D. H. He, S. Buyukdagli and B. Hu, Phys. Rev. B 80, 104302 (2009).
[14] D. H. He, B. Q. Ai, H. K. Chan and B. Hu, Phys. Rev. E 81, 041131 (2010).
[15] H. K. Chan, D. H. He and B. Hu, Phys. Rev. E 89, 052126 (2014).
[16] K. Joulain, K. Drevillon, Y. Ezzahri and J. Ordonez-Miranda, Phys. Rev. Lett. 116, 200601 (2016).
[17] B. Q. Guo, T. Liu and C. S. Yu, Phys. Rev. E 98, 022118 (2018).
[18] B. Q. Guo, T. Liu and C. S. Yu, Phys. Rev. E 99, 032112 (2019).
[19] J. Y. Du, W. Sheng, S. H. Su and J. C. Chen, Phys. Rev. E 99, 062123 (2019).
[20] C. Wang, X. M. Chen, K. W. Sun and J. Ren, Phys. Rev. A 97, 052112 (2018).
[21] H. Liu, C. Wang, L. Q. Wang and J. Ren, Phys. Rev. E 99, 032114 (2019).
[22] J. H. Jiang, M. Kulkarni, D. Segal and Y. Imary, Phys. Rev. B 92, 045309 (2015).
[23] S. H. Su, Y. C. Zhang, B. Andresen and J. C. Chen, arXiv:1811.02400.
[24] H. E. D. Scovil and E. O. Schulz-DuBois, Phys. Rev. Lett. 2, 262 (1959).
[25] H. T. Quan, Y. X. Liu, C. P. Sun and F. Nori, Phys. Rev. E 76, 031105 (2007).
[26] T. Krause, T. Brandes, M. Esposito and G. Shaller, J. Chem. Phys. 142, 134106 (2015).
[27] D. Z. Xu, C. Wang, Y. Zhao and J. Cao, New J. Phys. 18, 023003 (2016).
[28] E. Boukobza and D. J. Tannor, Phys. Rev. Lett. 98, 240601 (2007).
[29] L. S. Levitov and G. Lesovik, JETP Lett. 55, 555 (1992).
[30] L. S. Levitov, H. Lee and G. B. Lesovik, J. Math. Phys. 37, 4845 (1996).
[31] M. Esposito, U. Harbola and S. Mukamel, Rev. Mod. Phys. 81, 1665 (2009).
[32] A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg and W. Zwerger, Rev. Mod. Phys. 59, 1 (1987).
[33] Seogjoo Jang, T. C. Berkelbach and D. Reichman, New J. Phys. 15, 105020 (2013).
[34] D. Z. Xu and J. Cao, Frontier of Physics 11, 110308 (2016).
[35] M. Qin, C. Y. Wang, H. T. Cui and X. X. Yi, Phys. Rev. A 99, 032111 (2019).
[36] A. Nazir, Phys. Rev. Lett. 103, 146404 (2009).
[37] C. Wang, J. Ren and J. Cao, Sci. Rep. 5, 11787 (2015).
[38] H. Touchette, Phys. Rep. 478, 1 (2009).
[39] J. Cerrillo, M. Buser and T. Brandes, Phys. Rev. B 94, 214308 (2016).
[40] L. Z. Song and Q. Shi, Phys. Rev. B 95, 064308 (2017).
[41] H. M. Friedman, B. K. Agarwalla and D. Segal, New J. Phys. 20, 083026 (2018).
[42] C. Wang, J. Ren and J. Cao, Phys. Rev. A 95, 023610 (2017).
